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Freud [2] has obtained the following theorems by using a well-known
result of Newman [4].

THEOREM 1. There is a rational function rn *(x) = Pn(x)/Qn(x) of degree
at most n, for which for alln ?= 5,

THEOREM 2. For ever)' rational function rn(x) of degree at most 11, we
have for all n ?= 5,

Theorems 3 and 4 of this note are results on the approximation of
I x 1(1 .-.;- x 2m by reciprocals of polynomials of degree ~n on (- 00, + 00),
In being a positive integer. Theorems 5 and 6 show that the exact order of
approximability of x(l + x2m on [0, 00) by reciprocals of polynomials of
degree ~n Cn(1/mH. Finally we show that (l + x)(O + x 2) can be ap­
proximated by reciprocals of polynomials of degree ~n on [0, 00) to the
order of C5(log n)n-1 but not better than C6n-6 •

We use throughout our work C, C1 , C2 , Cs '00" to denote positive
constants and TnCx) to denote the nth Chebyshev polynomial of the firstkind.
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LEMMAS

LEMMA 1. There is a polynomial Pn *(x) of degree ~n for which

'[ 1 II C
Il lxl-~() ~_l.

P n X L",[-l.l] n

Remark. This result improves a recent result of Lungu [3].

Proof Let n be odd and

P(x) = ~_ fX ( Tn(t) )' 2 dt;
Cx 0 \ t

C is chosen so that P*(1) = 1.
Clearly P(x) is an even polynomial of degree 2n - 2. By evenness we

consider only x E [0, 1]. Write

X Jl ( Tn(t) )2 dt
1 x t

P(x) - x = C(Tn(t) )2 dt .
• 0' t

Now if we write t = sin e, then Tn(t) = (_lyn~1)/2 sin ne and so we have
the upper bounds, I Tn(t)jt I ~ n, I Tn(t)jt I ~ 1ft, and a lower bound,
I Tn(t)!t I ;;? 2j7T n, throughout °~ t ~ sin 7Tj2n.

For °~ x ~ sin 7Tj2n, f~ (Tn(t)!t)2 dt ;;? 4n2x!7T2;

f (T,~(t) )2 dt ~ .en
( T~(t) )2 dt + (n ( Tn;t) )2 dt

r
l

/
n foe. dt

~ n2 dt + 2" = 2n.
'0 l!n t

Therefore, for 0 ~ x ~ sin 7Tj2n,

I
x __1_1 :<: (2nx) 7T

2
_ 7T

2

, P(x) ~ 4n2x - 2n'

For sin 7T!2n ~ x ~ 1,

f
'~ ( T (t) )2 fSin

(7T /2n) ( T (t) )2 4112
o -'_n

t
- dt;;? 0 -~ dt;;? 7T2 sin(7Tj2n) ;;? 411j7T2,

fl ( Tn(t) )2 f"LJ dt _ -.!-
dt ~ 2 - ,

x t, x t x

(1)
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and hence,

The lemma follows easily from (1) and (2).

LEMMA 2. [1, Lemma 5]. There exists a sequence {Pn(.Y)};:~l of poiy­
nomials of degree CS;n for which

II 1 II -' C _.,i x - ~p( ) I c":.-" ~n-.
I, n X Loc[O.l]

Proof Choose n even and set

Q ( ) = (cos w/2n - cos win)
n x. x + cos w/2n _ cos win TnCx - cos 17/n).

11'
\- }

This is a polynomial since T,/ -cos w/2n) = O. Since Q(O) = 1, P,/x) =

(l - Qn(x)}/x is a polynomial. Set I) = cos W/211 - cos win: then on [0, 1]

5 I· 1 5 - (8 + x) Q(x)
- .\ - Pn(X) = I - Q(x)

1 + t
= I~f = 8 1 + st '

I I , 1'" T (' , ,= <') T ~ - I' n X - cos r./I1) .

(~1)" , . ~ ',,\
1 + 1 I .i8 T,/.I. - \,;os m, ..!

1 T x, (4)

where t E [ - L 1], 5 E [0. I].

Now it is easy to check that 0 :;;;:; M :;;;:; 28. Hence 0 ~s.; 8 --'- x - 1/P,/x) :;;;:; 28,
i.e.,

I
1

I
.,

77-
x-~P') :;;;:;8 <)'i'"lx. _:1-

Hence, the lemma is proved.

LEMMA 3. [6, p. 68]. Let P(x) be any polynomial of degree at most II.

satisfving ! P(x) [ :;;;:; M on [a, b]. Then at any point outside fa, b], we hm'e

Ip')1 L£I T i 2x-a-b)i: (x :;;;:; iY1 n \ b _ a !.

NEW THEOREMS

THEOREM 3. There is a polynomial P n *(x) of degree ~n for which fo/'
all large n (n > 2m, where. m is an)' fixed positive integer),

(5)
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Proof By Lemma 1, we have for 0 ~ x ~ (n - 2m)1/2m, and an ap­
propriate polynomial Pn-2>n of degree ~n - 2m,

II
I x I _ 1 II ~ Cw . .., Pn- 2>n(x) (n - 2111)1-1;211'

Therefore, for 0 ~ I x I ~ (n - 2m)1/2m,

I 1 I C10
~ I x I - Pn-2",(X) ~ (n _ 2111)1-1/2". .

On the other hand, for I x I > (n - 2111)1/2111,

:c< 2 I x I :c< _SL- Cll

"" 1 + x 2m "" I X 1
2",-1 < (n - 2111)1-1/2>n '

(6)

(7)

since from the construction of the polynomial P(x) in Lemma 1, we have
for all I x I ?: 1,

!P~x) I~ I x [.

Now (5) follows from (6) and (7).

THEOREM 4. For e very polynomial Pn(x) of degree ~n,

II
X1/2 1 II 1

I 1 + xrn - P,,(x) 'L",[O,oo) ?: 20/11-1/2m .

Remark. By changing X1/2 to x in (8), we get

Proof Let us assume on the contrary

II
Xl/2 1 II 1

1 + x'" - P,,(x) L",[O,oo) < 20/11-1/2>11 .

(8)

(9)

(lO)



RATIONAL APPROXIMATION TO I X ,;'1 + X 2m ON (- JO, --;-(0) 235

From (10) we obtain for ex" = (12n2- 1/"')-1 ~ x ~ n1i"',

n1 ,2111

----sn ' (11)

I.e.,

Max I P,,(x)! ~ 5n]-1 '2m.
l1'11(7:::;;::n 1.'2.m

Hence by applying Lemma 3 to (12) we get

On the other hand we get by (10),

(12)

(13)

1_1_ 1

I Pia) I

which is inconsistent with (13).

< 20/11-1;2", '
( 14)

THEOREM 5. For every polynomial Pn(X) of degree ~n and for all n ~ 2,

Proof Suppose

:' x 1 [' 1
'11 + x 2rn - P,,(x) ':L,xJo,oo) < (32n1- 1 / 2!1l)2 .

From (16) we obtain, for f3n = (n2- 1/"')-1 '---:::; x ~ nl /"',

(J 5)

(16)

hence,

By applying Lemma 3 to (17) we get

(l7J

(l8)
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On the other hand, we have from (16),

(19)

contradicting (18).

THEOREM 6. There is a polynomial Qn*(x) of degree at most n for which,
for all large n (n > 2m, m is any fixed positive integer),

I x 1 I1+2m - Q *( ) ~ C13(n - 2m)l!m-2.
X n X L,,[o,oo)

Proof By Lemma 2, we have for 0 ~ X ~ (n - 2m)1!m = On ,

From the construction of the polynomial Pn(x) in Lemma 2, we have

(20)

(21)

0< l/Pn (x) < 2x for all X? 1, n ? 4. (22)

On the other hand, for x > (n - 2m)!!"', we get for all large n, by (22),

I
x 1 I 3x < 1

1 + x 2rn - (1 + X 2 ,(,) Qn(x) < 1 + x 2m '--':: CJ6x2m-l

< CH(n - 2m)-2+1!m. (24)

The required result (20) follows from (23) and (24).

THEOREM 7. For every polynomial Pn(x) of degree n ? 2,

111 + x 1 II :> 1
I 1 + x 2 - PnCx) [,,[o,x) ~ 120n6 •

Proof Suppose

III + x __1_11 < _1_
, 1 + x2 Pn(x) IL",[O.oo) 120/16

.

(25)

(26)



RATIONAL APPROXIMATION TO I X :il --'- X 2i11 ON (-,x:;, TOC) 237

From (26) we get, for 0 ~ x ~ n2
,

(27)
Therefore, for 0 ~ x < /12,

I P,,(x)1 < 2(1 + 112). (28)

Set Q",I(X) = (1 + x) P,,(x) - (l + x2). Then from (26) and (28), for
o~ x < fl2)

Now by applying Lemma 3 to (29), we get

(29)

(30)

THEOREM 8. There is a polynomial Pn *(x) of degree at most 11 for which

1\ I T x) _ -l- Ii 0(; CIS log 11 •

I I + x- Pn (x) IILo-JO,O:) 11

Proof Set PI(X) = 1 + x 2, and for 11 odd:

P (. _ T (9x log 11 __ I \
~. n x) - n \_ 11 }.

P *. 0) _ P,(x) -L CP2.n(X) .
" (x - 1 -L • •

, .\

C is such that P(x) is a polynomial:

Then on [0, 211 (9 log 11)-1),

= (1 -+- x) I~ - (l ,,2\ ~ rp ( ) I (32)
l + x -t- .' I -,- '-' 2. n X I
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On the other hand, for x > 2nj(9 log n),

1
1 + x 1 I /' (1 + x) I CP2.n(X) II
1 + x 2

- P*(x) ~ (1 + x 2) (l + x 2) + CP2•n(x)

~ 1 + x < 2- < C
19

log n .
'-":1+x2 x n

The required result (31) follows from (32) and (33).

(33)

Note Added in Proof. By replacing (log n)n by [(log n)/n]2 and n-9 by n-3 in the proof
of Theorem 8, one can replace (log n)(n in (31) by [(log n)(nF.
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